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We evaluate quasinormal mode frequencies for RN black hole space times with cosmic
string perturbed by a massless Dirac field, using Po¨schl-Teller potential method. We
find that only in the case of RN black hole having small charge, the effect due to cosmic
string will dominate when perturbed by a negatively charged Dirac field, but if we are
perturbing with positively charged dirac field decay will be less in the case of black hole
having cosmic string compared to the RN black hole without string..
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1. Introduction
There has been a great interest in the long standing issue in classical relativistic
theory of gravitation: small perturbations or quasinormal modes associated with
black holes. The question of stability of black hole was first treated by Regge and
Wheeler 1 who investigated linear perturbations of the exterior Schwarzschild space
time. Further work 2 on this problem led to the study of quasinormal modes which
is believed as a characteristic sound of black holes. Quasinormal modes (QNMs)
describe the damped oscillations under perturbations in the surrounding geometry
of a black hole with frequencies and damping times of oscillations entirely fixed by
the black hole parameters. The study of QNMs became an intriguing subject of
discussion for last few decades 3,4,5,6 and references therein. QNMs carry unique
finger prints of black holes and it is well known that they are crucial in studying
the gravitational and electromagnetic perturbations around black hole space times.
They are also seem to have an observational significance as the gravitational waves
produced by the perturbations, in principle, can be used for unambiguous detection
1
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of black holes. This motivates us to study the quasinormal mode spectra of black
holes.
The motivation of the present work is to study the signature of cosmic strings
on QNMs. It has been recognized that certain gauge theories allow the possibility
of topological defects, such as strings, magnetic poles etc and that these defects
represent objects which might have been created in the very early universe 7. Cos-
mic strings are strand of matter which could be created in a cosmological phase
transition. In 1976 Kibble suggested the possibility of strings in the early universe8.
These cosmic strings might be responsible for large-scale structure in the universe.
Although little is known about these strings, it is clear that they raise a number of
issues in fundamental physics and thus it seems to be of particular interest, both as
a possible ”seed” for galaxy formation 9,10 and as a possible gravitational lens11.
The QNMs of scalar perturbations around a Schwarzschild black hole pierced by
a cosmic string was done earlier 12. We have evaluated earlier13 quasinormal mode
frequencies for Schwarzschild, RN extremal, SdS and near extremal SdS black hole
space times with cosmic string perturbed by a massless Dirac field. In this paper we
study the influence of cosmic string on the QNMs of RN black hole background space
time which are perturbed by a massless Dirac field. In section II, we consider the
Dirac equation in a RN black hole space time with a cosmic sting and its deduction
into a set of second order differential equations. In Section III we evaluate the Dirac
quasinormal frequencies for the massless case using Po¨schl-Teller potential method
for RN black holes.
2. RN black hole with cosmic string space time for a Dirac field
The metric describing a charged spherically symmetric black hole(RN) with a cosmic
string can be written as14,
ds2 = f(r)dt2 −
dr2
f (r)
− r2dθ2 − b2r2 sin2 θdφ2. (1)
Here f(r) = 1 − 2M
r
+ Q
2
r2
, Q and M are representing the electric charge and the
mass of the black hole. This can be constructed by removing a wedge, which is
done by requiring that the azimuthal angle around the axis runs over the range
0 < φ′ < 2pib, with φ′ = bφ where φ runs over zero to 2pi. Here b = 1 − 4µˇ with µˇ
being the linear mass density of the string. Using the procedure adopted in reference
15 the Dirac equation in the presence of an electromagnetic interaction in a general
background space time can be written as,
(γµ(∂µ − Γµ − ıeAµ) +m)Ψ = 0, (2)
where m and e are the the mass and charge of the Dirac field, Aµ is the electro
magnetic potential which can be written as,
Aµ =
(
Q
r
, 0, 0, 0
)
, (3)
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Here
γµ = gµνγν , (4)
and
γν = e
a
νγa, (5)
where γa are the Dirac matrices,
γ0 =
[
ı 0
0 −ı
]
, γi =
[
0 σi
σi 0
]
, (6)
and σi are the Pauli matrices. e
a
ν is the tetrad given by,
ett = f
1
2 ; err =
1
f
1
2
; eθθ = r, e
φ
φ = br sin θ. (7)
The inverse of the tetrad eaν is defined by,
gµν = ηabeµae
ν
b , (8)
with ηab = diag(−1, 1, 1, 1), the Minkowski metric. The spin connection Γµ is given
by
Γµ = −
1
2
[γa, γb]e
a
νe
bν
;µ , (9)
where ebν;µ = ∂µe
bν +Γνκµe
bκ is the covariant derivative of ebν . The spin connections
for the above metric are obtained as,
Γt =
1
4
γ1γ0
∂f (r)
∂r
, (10)
Γr = 0, (11)
Γθ =
1
2
γ1γ2f
1
2 (r) , (12)
Γφ =
1
2
γ2γ3b cos θ +
1
2
γ1γ3b sin θf
1
2 (r) . (13)
Substituting the spin connections in Eq. (2) we will get ,
[
−γ0
f
1
2
(
∂
∂t
−ı
eQ
r
)+γ1f
1
2 (
∂
∂r
+
1
r
+
1
4f(r)
∂f
∂r
)+
γ2
r
(
∂
∂θ
+
1
2
cot θ)+
γ3
br sin θ
∂
∂φ
+m]Ψ(t, r, θ, φ) = 0,
(14)
Using the transformation Ψ(t, r, θ, φ) = exp(−ıEt)
rf
1
4 sin θ
1
2
χ(r, θ, φ), Eq.(14) becomes,
[
−E − eQ
r
f
1
2
∂
∂t
+
1
ı
γ0γ1f
1
2 (
∂
∂r
) +
γ1
ır
γ1γ0(γ2
∂
∂θ
+
γ3
b sin θ
∂
∂φ
)− ıγ0m]χ(r, θ, φ) = 0. (15)
Dirac equation can be separated out into radial and angular parts by the following
substitution,
χ(r, θ, φ) = R(r)Ω(θ, φ). (16)
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The angular momentum operator is introduced as, 15
K(b) = −ıγ1γ0
(
γ2∂θ + γ3 (b sin θ)
−1
∂φ
)
, (17)
such that,
K(b)Ω(θ, φ) = kbΩ(θ, φ), (18)
where the eigenvalues of K(b) are kb =
k
b
. Here k is a positive or a negative nonzero
integer with l = |k + 12 | −
1
2 , where l is the total orbital angular momentum.
The cosmic string presence is codified in the eigenvalues of the angular momentum
operator16. Substituting Eqs.(16) and (18) in Eq.(15), we will get radial equation
which contains γ0 and γ1. As γ0 and γ1 can be represented by 2 × 2 matrices, we
write the radial factor R(r) by a two component spinor notation,
R(r) =
[
F
G
]
. (19)
Then the radial equation in F an G are given by,
f
dG
dr
+ f
1
2
kb
r
G+ f
1
2mF = (E +
eQ
r
)F, (20)
f
dF
dr
− f
1
2
kb
r
F + f
1
2mG = −(E +
eQ
r
)G. (21)
Let us have a co-ordinate change given by,
dr∗ =
dr
f
. (22)
Eq.(20) and Eq.(21) then become,
∂
∂r∗
[
G
F
]
+ f
1
2
[
kb
r
m
m −kb
r
] [
G
F
]
=
[
0 E + eQ
r
−E − eQ
r
0
] [
G
F
]
. (23)
Defining, [
Gˆ
Fˆ
]
=
[
cos θ2 − sin
θ
2
sin θ2 cos
θ
2
] [
G
F
]
, (24)
where
θ = tan−1(
mr
|kb|
). (25)
Eq.(23) becomes,
∂
∂r∗
[
Gˆ
Fˆ
]
+ f
1
2
√(
kb
r
)2
+m2
[
1 0
0 −1
] [
Gˆ
Fˆ
]
= −E
[
1 +
1
2E
fm|kb|+
kb
2 +m2r2
+ +
eQ
r
] [
0 −1
1 0
] [
Gˆ
Fˆ
]
. (26)
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By making another change of the variable;
drˆ∗ =
dr∗[
1 + 12E
fmkb
k2
b
+m2r2
+ e Q
Er
] . (27)
Eq.(26) can be simplified to,
∂
∂rˆ∗
[
Gˆ
Fˆ
]
+
f
1
2
√(
kb
r
)2
+m2[
1 + 12E
fm|kb|
k2
b
+m2r2
+ e Q
Er
] [ 1 0
0 −1
][
Gˆ
Fˆ
]
= E
[
0 1
−1 0
] [
Gˆ
Fˆ
]
, (28)
i.e,
∂
∂rˆ∗
[
Gˆ
Fˆ
]
+W
[
Gˆ
−Fˆ
]
= E
[
Fˆ
−Gˆ
]
, (29)
where
W =
f
1
2
√(
kb
r
)2
+m2[
1 + e Q
Er
+ 12E
fmkb
k2
b
+m2r2
] . (30)
Thus from Eq.(29), we will get coupled equations for Gˆ and Fˆ which are given
bellow,
−
∂2Fˆ
∂rˆ2∗
+ V1Fˆ = E
2Fˆ , (31)
−
∂2Gˆ
∂rˆ2∗
+ V2Gˆ = E
2Gˆ, (32)
where
V1,2 = ±
∂W
∂rˆ∗
+W 2. (33)
From the equations Eqs (31) and (32), we can evaluate the corresponding quasi-
normal mode frequencies for various black hole space time. Here V1 and V2 are the
super symmetric partners derived from the same super potential W 17. It has been
shown that potentials related in this way possess the same spectra of quasi-normal
mode frequencies.
3. Quasinormal mode frequencies
We shall evaluate the quasi-normal frequencies for RN black hole space times per-
turbed by a massless Dirac field. For massless case, i.e, m = 0, the equation for the
potential in Eq.(33) becomes,
November 20, 2018 3:53 WSPC/INSTRUCTION FILE rngrg
6 Sini R and V C Kuriakose
V = f
(
1 + e
Q
Er
)
∂
∂r

f 12 kb
r
(
1 + e Q
Er
)


+f
(
kb
r
)2
1(
1 + e Q
Er
)2 , (34)
where we have avoided the subscript of V1. Here we take Q as always positive and
the sign of e will change to positive or negative so that the positive sign of e actually
means that the product eQ > 0 and vice versa.
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Fig. 1. Variation of effective potential for Dirac field with m=0 k=3, e=0.1, E=1 and Q=0(doted
line), 0.3(solid line), 0.6(dashed line)and 0.9(bold line). for each b value(0.1, 0.5 and 1)
The effective potential as a function of r is plotted in Fig.1. We can see that
the dependence of V on Q is strong and the peak of the potential increases faster
and faster with Q. When the value of b is changed form b = 1 to b = 0.5 and to
b = 0.1 the peak of the potential is increased, i.e, when the cosmic string is present
the height of the potential barrier is increased.
Now we shall evaluate the QNMs using Po¨schl-Teller potential approximation
proposed by Ferrari and Mashhoon, the Po¨schl-Teller potential 18 is given by,
VPT =
V0
cosh2
(
r⋆
b
) . (35)
The quantity V0 and b are given by the height and curvature of the potential at its
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maximum(r = rmax). Thus
V0 = Vrmax ,
1
b2
= −
1
2V0
[
d2V
dr2
]
r=rmax
. (36)
The QNMs of the Po¨schl-Teller potential can be evaluated analytically;
E =
1
b
[√
V0 −
1
4
−
(
n+
1
2
)
ı
]
. (37)
In this case the effective potential depends both on Q and E. So we calculate the
Quasinormal modes. Here we first find QNMs for the case Q = 0 in which the
potential is independent of E, let it be E0. We take this as the initial value E0 for
a fixed n, l(or k) and e and is used to evaluate the corresponding QNMs for Q 6= 0.
i.e, we use E0 as real to modify the potential and find E1 and repeat the process
successfully to get E2, E3, E4....
19.
We first checked the effect of positive and negative Dirac field charges ′e′ on a
positively charged RN black hole for a fixed b value. For that we plot Im(E) with
black hole charge Q for different values of field charge e for each b values. Fig.2
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Fig. 2. Im(E) vs Q for l=1 and n=0 for each b value(0.1, 0.5 and 1)
shows the behavior of Im(E) versus Q for the mode l = 1(k = 1) and n = 0 case.
And it is clear that as black hole charge Q increases from 0 to 0.99, at first there is a
small increase of |Im(E)| and then it decreases with increase of the charge Q. Also
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for a fixed b value the |Im(E)| is small for negatively charged Dirac field compared
to positively charged ones. In b = 0.1 case that is when the effect of cosmic string
is high we get very good curves compared to others. When the l value increases the
behavior is similar to the former case. Fig. 3 shows the behavior of Im(E) versus Q
for l = 2 case. Here we considered both the modes n = 1 and n = 0 for b = 0.1 and
b = 0.5. Thus from this we understand that positively charged Dirac field decay
faster than negatively charged Dirac field on a positively charged RN black hole
with a fixed b value.
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Fig. 3. Im(E) vs Q for b=0.1 and 0.5 for l=2, n=0 and n=1
Fig. 4 shows the dependence of Re(E) with black hole charge Q with different
values of Dirac field charge e from +0.2 to -0.2 for fixed values of b. For all b values
Re(E) is increasing with respect to Q. From the Fig.4 it is clear that e = −0.2 have
higher Re(E) compared to e = 0.2 which implies that negatively charged Dirac field
have larger Re(E) value.
We now check for the imprint of cosmic string on the RN black hole. For this
we plot Im(E) versus Q graph for various b values for a fixed field charge e as in
Fig.5. Thus for the mode l = 1, n = 0 and when charge of the Dirac field is e = 0.2,
as Q increases, |Im(E)| at first increases and then decreases. But when b = 0.1 the
|Im(E)| is smaller compared to others. i.e., decay is small in the case of black hole
having cosmic string. This is true only for the positively charged Dirac field and for
e = 0. When e becomes negative, it shows another behavior. i.e., for the negatively
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Fig. 4. Re(E) vs Q for l=1 and n=0 for fixed values of b(0.1, 0.5, 1)
charged Dirac field, up to some Q value (let it be Q0) |Im(E)| for b = 0.1 is small
compared to others. The |Im(E)| for b = 0.1, 0.5 and 1 meets near Q0. After that
|Im(E)| values for b = 0.1 become larger than all others. i.e., up to Q0 the decay
rate is small for a black hole having cosmic string and then decay rate increases.
The variation of b with e values for higher modes (for l = 2, n = 1 and n = 2)
are shown in Fig. 6 and Fig. 7. Here also |Im(E)| behaves same as above. i.e, in the
case of negatively charged Dirac field, when the charge of the black hole is high, the
effect due to cosmic string is suppressed.
Fig. 8 shows the variation of Re(E) with Q for various values of b for a fixed
e. Here for all values of e, Re(E) is larger for b = 0.1 compared to others. That is,
Re(E) is larger for the black hole having cosmic string.
4. Conclusion
We have obtained the Dirac equation in RN black hole space time with a cosmic
sting and its deduction into a set of second order differential equations. We have
evaluated the quasinormal mode frequencies for RN black hole space times having
cosmic string perturbed by a massless Dirac field. We find that for a fixed value of b,
positively charged Dirac field decay faster than negatively charged Dirac field. But
when we compare the RN black hole with and without cosmic string, in the case
of positively charged Dirac field, decay is less when cosmic string is present. But in
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Fig. 5. Im(E) vs Q for l=1, n=0 for different e(+2 to -2)values
the case of negatively charged Dirac field, the RN black hole having cosmic string
shows small decay for low values of black hole charge Q but as Q increases its decay
increases. Whereas, the RN black hole which do not have cosmic string shows rapid
decay for low values of Q and as Q increases its decay rate decreases compared to
the RN black hole having cosmic string. Thus the effect due to cosmic string will
dominate only in the case of RN black hole having small charge perturbed by a
negatively charged Dirac field.
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Fig. 7. Im(E) vs Q for l=2, n=1 for different e(+1 to -1)values
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